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ABSTRACT

The upper density of a set of natural numbersA is d̄(A) := limn→∞
|A∩{1,...,n}|

n
.

A famous theorem of Furstenberg and Sárközy says that if d̄(A) > 0, then

two elements of A differ by a nonzero perfect square. In other words, if

d̄(A) > 0, then there are a, a′ ∈ A and n ∈ N such that a− a′ = n2.

To describe this phenomenon, we say S ⊂ N is density intersective if for

all A ⊂ N with d̄(A) > 0, there exists a, a′ ∈ A such that a− a′ ∈ S. In this

terminology, Furstenberg and Sárközy’s theorem says that the set of perfect

squares is density intersective.

Given S ⊂ N, form the Cayley graph Cay(S) with vertex set N and edge

set {{n,m} : |n−m| ∈ S}. It is easy to see that if S is density intersective,

then Cay(S) has infinite chromatic number, since for every finite coloring of

N, one of the color classes must have positive upper density. Bergelson asked

if the converse is true, and Igor Kriz gave an elaborate counterexample using

Lovász’s computation of the chromatic number of Kneser graphs.

Motivated by the problem of determining which sets of natural numbers

are density intersective, we will survey the graph theoretic aspects of Kriz’s

construction and state several open problems on chromatic number and in-

dependence number of Cayley graphs on finite abelian groups.


